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SUMMARY 
The primary e f f o r t s  on t h i s  research have been t o  develop 
satellite experiments t o  measure c o n t i n a t a l  d r i f t  and chandler 
wobble. However, e f f o r t s  have a l so  been made t o  develop o r b i t  
determination programs employing synchronous satell i tes i n  the  
trackzng network and t o  determine the  least number of subsyn- 
chronous satellites t h a t  w i l l  provide continuous coverage of a 
given regi0n.m the  ground. 
cussions of t h e  r e s u l t s  obtained thus f a r  and ou t l ines  the  
This repor t  p resents  b r i e f  dis-  




It has been estimated t h a t  a Q- switched laser with an output pulse  
of lOns can be used t o  determine the range t o  a satell i te t o  a prec is ion  
of 15cm. o r  less. 
s t a t i o n s  equipped with the  lasers and appropriate  support equipment and 
A method has been developed t h a t  u t i l i z e s  1 2  ground 
one satell i te a t  the  c r i t i ca l  i n c l i n a t i o n  ( 6 3 . 4 O ) .  By making simultaneous 
observations of t h i s  sa te l l i t e  from 4 - s t a t i o n s  a t  a t i m e  f o r  30 satell i te 
pos i t ions  t h e  i n t e r s t a t i o n  dis tances  may be determined w i t h  again a pre- 
c i s ion  of 15cm. Therefore i t  should be poss ib le  t o  obtain a d i r e c t  
measurement of some d r i f t  rates a f t e r  only two o r  t h ree  years  of observa- 
t ions.  
Description of Method c 
The approach is  b r i e f l y  described below. Suppose t h a t  R j represents  
the vec tor  from t h e  o r i g i n  of some coordinate system t o  the  satel l i te  a t  
the t i m e  of the j t h  measurement. 
stat& and rJi represent  the  range measurement (see sketch) .  
L e t  cji represent  t he  vector  t o  the  i t h  
b 
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W e  have 
i = 1, . . e ,  4 C ji + r j i  = Rj 
j = 1, ..., 30 
For a given j t h i s  provides four  equations f o r  five unknowns. I n  terms ~ 
of components we have 120 equations f o r  126 unknowns (36 s t a t i o n  co- 
ordinates  and 90 satel l i te  coordinates) .  
minate by specifying s ix  of t he  unknowns. 
The system can be made deter-  
This cannot be done a r b i t r a r i l y  
but  i t  can be  done as follows. Specify t h e  coordinates of one s t a t i o n  
( a r b i t r a r i l y ) ,  then two components of t he  d i r e c t i o n  of motion of a second 
s t a t i o n  r e l a t i v e  t o  the  f i r s t ,  and f i n a l l y  one component of t he  relative 
motion of a t h i r d  s t a t i o n .  For t h i s  ana lys i s  w e  se lec ted .  
= g c p  = 6c;2 = 6c-1 3. 6C-l x 6.p = 0 . 
The range equation may be w r i t t e n  i n  terms of components as  
k=l k=l k=l 
Perturbation: equations may be w r i t t e n  as 
* 




represents  the  vector  (c,R) about which per turba t ions  are taken. 
The above per turba t ion  equation may b e  expressed i n  matrix form as 
e 
which may be inver ted  t o  give 
d 
This provides an iterative procecure f o r  l oca t ing  s t a t i o n s  and determining 
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i n t e r s t a t i o n  dis tances .  The i t e r a t i v e  procedure i s  described as follows : 
1. Guess nominal values  f o r  R, c. 
2. Obtain a complete set of range measurements r. 
3. Iterate t o  obta in  the  co r rec t  values of R, c. 
The i n t e r s t a t i o n  d i s t a n c e s . a r e  obtained from 
k=l  
where D ( 1 , J )  represents  the  dis tance between s t a t i o n s  I and J. 
After once obtaining the  i n t e r s t a t i o n  d is tances  from one complete 
sa set of measurements add i t iona l  measurements may be taken and t h e  i n t e r -  
s t a t i o n  d is tances  may be updated. 
of d r i f t  rates. 
This w i l l  provide a d i r e c t  measurement 
Current Work 
c 
The s e n s i t i v i t y  of the  i n t e r s t a t i o n  d is tance  t o  R increases  as R in- 
creases; however, the  unce r t a in t i e s  i n  the  measurements of r decrease as 
R increases .  Hence i t  is of i n t e r e s t  t o  determine the  b e s t  satell i te 
e t i t u d e  t o  minimize the  s e n s i t i v i t y  of t he  d is tance  ca lcu la t ions  t o  B and 
r. This is cur ren t ly  being examined. W e  are a l s o  examining the  poss ib i l -  
* '  
ities of equipping the  s a t e l l i t e  with the lasers and using the  ground 
s t a t i o n s  as t a rge t s .  The cos t  trade-offs are being examined. 
OBSERVATION OF POLAR WANDERING USING 
SYNCHRBNOUS SATELLITES 
Introduct ion 
The scheme described i n  t h i s  repor t  cons is t s  of a free synchronous 
The f r e e  satel- satell i te and two neighboring cont ro l lab le  satellites. 
l i t e  is placed i n  a synchronous equator ia l  o r b i t  and then a maneuverable 
vehic le  is  separated from the f r e e  satel l i te  and descends t o  a d is tance  
A i n s i d e  t h e  synchronous o rb i t .  The cont ro l lab le  satel l i te  is  forced t o  
maintain a c i r c u l a r  synchronous o r b i t  by continuous thrus t ing  d i r ec t ed  
away from the  center  of t he  Earth. 
l i t e  r ides  on a laser beam transmit ted r a d i a l l y  outward from a poin t  on 
I n  addi t ion,  t h e  cont ro l lab le  satel- 
the  Earth 's  surface.  Distance measurements are made between the  f r e e  
satell i te and t h e  cont ro l lab le  satell i te over an extended per iod of t i m e ,  
and these  measurements are analysed t o  obtain information about wandering 
of t h e  Earth 's  pole  relative t o  i ts  s p i n  ax is .  
The procedure just described must be  re f ined  t o  the  ex ten t  t h a t  two 
cont ro l lab le  satellites be  used ins tead  of one. Two cont ro l lab le  satel- 
l i tes  are necessary because determination of po la r  wandering involves 
the,&etermination of two independent coordinates.  In prac t i ce ,  it may 
also be  necessary t h a t  each cont ro l lab le  satel l i te  remain a t  t h e  in t e r -  
s ec t ion  of three laser beams r a the r  than r id ing  a s i n g l e  beam. 
In order  t o  separa te  out  t he  e f f e c t  of po la r  wandering on the satel- - 
l i t e  separa t ion  dis tances ,  i t  is necessary t h a t  t h e  per turbat ions of the  
free satellite and the  motion of the Earth's s p i n  axis be  known a p r i o r i . >  
A per turba t ion  ana lys i s  i s  included i n  the  Appendix and the  r e s u l t s  are 
used t o  formulate a numerical example. 
._ 
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Polar  Wandering Coordinates 
Define the  pole  t o  be  the  point  on the  Earth 's  surface a t  which 
the sp in  axis i n t e r s e c t s  the  sur face  on a p a r t i c u l a r  date.  
i n g  of the  po%e involves a motion of the  oidginal  i n t e r sec t ion  poin t  
relative t o  the  s p i n  axis as shown i n  Fig. 1. 
The wander- 




Brig ina l  Pos i t ion  
of Equator 
Present  Pos i t ion  
of Equator 
E X' 
Fig. 1. Polar  Wandering Coordinates. 
The pos i t i on  of t h e  pole a t  any t i m e  can be  spec i f i ed  by t h e  co- 
ordinates  a and r ,  wh,ere a is  the  angular deviat ion of the  present  equator 
reckoned counterclockwise about the  pos i t i ve  X' axis, and r is t h e  longi- E 
tude of t h e  polar  wandering node reckoned westward from the pos i t i ve  xE 
axis. 
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S a t e l l i t e  Separation Distance 
The motion of the  Earth 's  s p i n  ax is  i n  space i s  spec i f ied  by an 
i n c l i n a t i o n  i and a longitude f2 as shown i n  Fig. 2.  The angle i is  
reckoned counterclockwise about the p o s i t i v e  x 
eastward from the reference verna l  equinox, 7. 
axis and 52 is reckoned 
All q u a n t i t i e s  having 
: I 
the dimension of length are normalized with respect  t o  the Earth 's  
equator ia l  radius  R, (R = 6378.39 km.). 
The law of .cos ines  is  used t o  f i n d  D i n  the terms of @ as follows, 
Yesent Original  Spin Axis Spin Axis 
* - 
A\- Reference Vernal Equinox 
Free 
S a t e l l i t e  
Reference 
x 
Controllable Satell i te 
Secorid 
Controllable S a t e l l i t e  
3 
E L i 
Spin /- e-r 
Axis I- 




Fig. 2. Satell i te Separation Distance Geometry 
-. .. . 
. . . . . ~~ . . ~. 
Y _-. . .  
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The so lu t ion  f o r  cos@ i s  obtained by employing the  following re- 
la t ionships  from sphe r i ca l  trigonometry assoc ia ted  with Fig. 3: 
.., .., 
cosQ = cos0 cos@ + s in0  s in@ cos(u + i + 5) 
F i r s t  Control lable  
Second Control lable  
Satell i te 
Fig. 3. Spherical  Triangles f o r  Separation Distance Analysis 
cosr -. case cos(e-r) 
sin0 sin(8-I') cosp = Y 0 
After a considerable amount of a lgebra ic  manipulation, it is  found that 
- siw s i s  [ s i n i  sin(8MX) cos(64) 
+ c o s i  s in(64) l  . ( 8)  
The next s t e p  is  t o  s u b s t i t u t e  series expansions f o r  a l l  of the  s m a l l  
angles,  6X, 6$9 a,, and i appearing i n  Equation 8. I f  terms through second 
, - order i n  the  s m a l l  angles are retained,  t he  r e s u l t i n g  expression fo r  
cos@ is  
- a s i S ( i  sine + 84) .  
Equation 9 f o r  cos@ is now subs t i t u t ed  i n t o  Equation (1) f o r  D2 and terms 
through second order  i n  the  s m a l l  angles and 6p are r e t a i n e d t o  give 
1 i2 -+  $ 6 ~ ~  + ~ 4 ~ )  + - s in28  + i(64) s ine  2 
Equation 10 is a quadra t ic  i n  asinr‘. The so lu t ion  is  
- -  
ii The second cont ro l lab le  sa te l l i t e  is spaced an angular d i s tance  2 
; 
2 and separat ion d is tance  D l  corresponding t o  the  second cont ro l lab le  
away from the  f i r s t  cont ro l lab le  satell i te.  The expressions f o r  arc . 
.. .. . 
~ . .  
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satellite are 
a2 a2 s in2 r )  + - sinz s i n r  cosr 2 cos01 = cosz (1 - -2 
- clsin(r-Z)(i s ine  + 
and 
- 26p(ps-A)(cosZ - s in2  6A) 
1 1 
2 - - a2sinZ s i n r  cosr + $ 6 ~ ~  + 
+ sinZ(6X) + 2 i2 s i n e  sin(8-2) 
cosz 
1 
+ i (6@) sin(8-z) + a i  s ine  s in(r-2)  
Equation 13 is l i n e a r  i n  acosr. 
1 
The so lu t ion  f o r  acosr is  
--sL, 
, 
[A2 1 acosr = sinZ[$asinr) + i s i n e  + 641 
+ 2p 6p + 6p2 - 26p(ps-A)(cos2 - s in2  6x1 - D12]  
s. 
1 
2 + 1 - cos2 + - cosz ( a s in r )2  
0 
+ L(6p + 642) cosz + sinz 6A 2 
1 
2 + - i2 s i n e  sin(e-Z) + i 6cb sin(8-Z) 2 
+ i s ine  cosz (as inr )  + 6;P cos2 
-.7- 
This completes the  separa t ion  d is tance  analysis .  
Location of t h e  Polar  Wandering Node 
The loca t ion  of t he  polar  wandering no3e (i .e. ,  t h e  4 axis) is 
known once tad' is spec i f ied .  I n  order t o  obta in  t a d ,  Equation 11 f o r  
asid' is divided by Equation 1 4  f o r  acosr .  It is noteworthy t h a t  t he  
ambiguous 2 sign i n  the  a s id  
manipulations aqd t h e  r e s u l t  can be w r i t t e n  unambiguously as 
equation cancels out  i n  the  a lgebra ic  
2ps 6.p + 6p2 
- sinZ 61) - D121 
1 
1 I D2- ( A + ~ Q ) ~  + 1 - cosz 4- y cosz 
S 
L 
+ s in2  
- i &$I 
I 
,- .' 
S e n s i t i v i t y  Relat ions 
1 6~ - 2 i2 sine  cos0 s inz  
cos0 s i a r '  
It is apparent t h a t  inaccuracies  i n  the  values used f o r  known quan t i t i e s  
w i l l  in t roduce corresponding e r r o s  i n  t h e  values ca lcu la ted  f o r  a and r . 
The s e n s i t i v i t i e s ,  aa/aq. and ar /aq (where q denotes one of 
the t en  known q u a n t i t i e s  bp, 6A, 64, D, D1, 1, 8 ,  p,, A ,  and Z ) ,  are ob- J- 
J j' j 
: ta ined from the  expressions f o r  asid' and acosr as follows: 
J J J 
Theref ore, 
These s e n s i t i v i t y  r e l a t i o n s  are appl ied t o  Equations 11 and 14. For 
convenience, u and S are defined as 
- .- 
u = 2 1 ; the ambiguity i n  Equation . 
,-. s = 1114 [D' - (bp + A ) ' ]  - 6x2 
PS 
The s e n s i t i v i t y  formulas are as follows: 
ps + 6P - (cosz - bh sinZ)(ps-A) - cos2 (Sp+A) 
k 
i 
f - sinZ(acosr) 
ar s id  D + 2 cosr D - =  
(D) PS2S Ps2 s i n Z ( i  s ine  + 64 + S) 
ar 2D s i n  -= 
a ( D d  a p s 2  s inZ( i  sin0 + 64  + S) 
I cos0(i sin0 + 66) + sine(acosI') - = - -  i sin0 + 64 + S 
- -.-+ 
1 




* - ./ 
{Ps6p(l - cosZ + 6X sinz) - A 2  - 2ps6p - 6p2 
+ 26p(ps-A)(cosZ - 6XsinZ) + 0l2 
\ 
1 
2s - [D2 - (SP+A)~] [COSZ - - sinZ (acosr)] 
-~ 
2 sinI' - = -  [D2- (Sp+A?] - ( i  sine + 6$ + S ar cr a (Ps) S 
ps6p( l  - cosZ + 6A sinZ) - A 2  - 2ps6p - 6p2 
26p(ps-A)(cosZ - 6X .sinZ) + Df 
(33) I 2 i [ D ~  - (6p+A) ] [COSZ - - sinZ (acod)]  2s 
+ Bp(cosZ - 6X sinZ) - (bp+A)[cosZ - - 2's sinz 
(acosr) 1 
ar 2 sinr 
' sinZ(i s ine + 64 + S) 
A + 6p (COSZ - 6X sinZ) - (Sp+A> [COSZ I 
( 3 4 )  
7 6p(ps-A) (sinZ + 6A cosZ) a@ 2 cosr - x .  a(z) s inZ( i  s ine + 64 + s 
1 1 
2 2 + sinZ - - s i n Z ( i  s ine  + + S) - - sinz(6A2-6$2) 
+ 6A cosz - - i 2  s ine  case cbsz 2 
1 
2 + - i 2  s i n2e  s inz  - i 64 case cosz 
+ i 6$ sine s inz  - s inZ( i  s ine  + S$)S - ~- 
1 - - 2 cosZ(i s ine  + 6$ + S) (acosr) 
1 1 + s inz  - 2 s inZ( i  s ine  + 64 + S) - 2 sinZ(8X2 - ~ $ 2 )  
1 
2 + GXCOSZ - - i2 sine  case cosz 
1 




(37) 3 1 2 - - C O S Z ( ~  s ine  + 64 + S) (acosr) 
The s e n s i t i v i t y  formulas l i s t e d  above make i t  poss ib le  t o  determine 
the accep tab i l i t y  of a proposed set of unce r t a in t i e s  i n  the  ten  known 
parameters, 60, 6X, 64, D, D1, i, 8 ,  ps, A,..and 2. It is des i rab le  t h a t  * 
the s e n s i t i v i t i e s  be as small  as  possible  and the  s e n s i t i v i t y  formulas 
can be used i n  t h i s  respect  t o  f ind the  b e s t  value of 0 -  ( i . e . ,  t he  Ear th ' s  
- .  
.; angular pos i t ion)  a t  which $ t o  perform the  d is tance  measurements. 
-12- 
Spacing of t he  Second Control lable  Satel l i te  
The arc z, separa t ing  the two cont ro l lab le  satellites has been l e f t  
a r b i t r a r y  i n  a l l  of t he  foregoing equations. It may be  seen from Equation 
18 t h a t  Z must be a very small angle i n  order  t h a t  aa/a(6p) have order-of- 
magnitude one. 
satellites w i l l  s implify the  launching procedure and a l so  requi re  fewer 
This r e s u l t  is  for tuna te  since c lose  spacing of a l l  th ree  
ground s t a t i o n s  f o r  transmission of t h e  laser beams. 
Calculation of  t he  Polar  Wandering Angle, a 
In order  t o  evaluate  the  polar  wandering angle,  a, the  ambiguity, 
21, i n  Equation 11 must f i r s t  be  resolved. This can be  accomplished by 
making two dis tance  measurements from the  f r e e  satel l i te  t o  the  f i r s t  
cont ro l lab le  satell i te;  one a t  0 = 0 and one at 0 = IT. 
The separa t ion  d is tance ,  D, can be  v isua l ized ,  t o  second-order 
accuracy, i n  terms of t h e  plane t r i a n g l e  shown i n  Fig. 4 .  
Free S a t e l l i t e  
n 
U I  - 
-*yirs t Con t r o l l  ab l e  
S a t e l l i t e  
Fig. 4. In t e rp re t a t ion  of Terms i n  Equation 11. 
If B = 0 o r  8 = IT, Equation 11 can be  wr i t t en  as 
The geometry involved i n  the  d is tance  measurement a f  the  node 
.i corresponding t o  t h e  posPtive x a x i s  is shown i n  Fig. 5,  which is  I 
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S a t e l l i t e  
E X' 
I F i r s t  Control lable  
++for Case (ii). 
F i r s t  Control lable  Satell i te 
f o r  Case ( i ) .  
Fig. 5 .  Node Corresponding t o  the  Pos i t i ve  x Axis I 
a pro jec t ion  of the  ind ica ted  a rcs  and poin ts  upon a u n i t  sphere. Measure- 
ment of D a t  t he  xI node gives the  arc Ox , and one of t he  following two 




asid = -694 , Case ( i i )  ; .- .' 
To determine which case holds t r u e ,  a second d is tance  measurement i s  made 
at t he  node corresponding t o  t h e  - xI axis. The s i t u a t i o n  i s  shown i n  
Fig.  6 .  
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F i r s t  Controllable / , 
. l i t e  f o r  Case ( i ) .  Sate1 
-y-xI,ii 
'"r 'X' 4 E 
F i r s t  Control lable  
S a t e l l i t e  f o r  Case (ii) 
Fig. 6. Node Corresponding t o  the Negative xI Axis. 
is  measured a t  the  -x node, then case ( i )  must be  t rue.  I f  I If .z% v i  
is measured a t  t h e  -3 node, then case ( i i )  m u s t  be  t rue .  
Once the  ambiguity is resolved by the  preceding argument, la1 can 
be  ca lcu la ted  using 
where (asinr).and (acosr) are given by Equations I1 and 14. The s ign  




The r e s u l t s  of the  per turbat ion ana lys i s  i nd ica t e  t h a t  per turbat ions 
of t he  f r e e  satel l i te  on the  order  of 1 kilometer are t o  be  expected. 
Due pr imari ly  t o  t h e  e f f e c t s  of l un i so la r  precession, t he  inc l ina t ion ,  i, 
of the  s p i n  axis changes on t h e  order  of 50" arc per  year [l] . 
polar  wandering angle,  a, has a magnitude of approximately 0.2" a r c  [2]. 
1 
The 
The following parameters are used t o  formulate a numerical example: 
6p = i km/6378 km = 1.57 x - ~ ~ - 4  
6~ = 2 . x  loe5 rad. 
64 = 2 x loW5 rad. 
A = 10 km/6378 km = 1.57 x 
= 42,100 km/6378 km = 6.60 
i = 50" arc = 2.4 x 10 rad. 
ps 
-4 
e = d 2  
= "0.2063 arc = loe6 rad. 
2 = 2 x lom4 rad. 
r = ~ / 2  
The-Xorresponding separa t ion  d is tance  D is ca lcu la ted  using Equation 10, 
. .  
D = 2.45 x . 
In kilometers,  
. D* = 15.6 km. 
The s e n s i t i v i t i e s  t o  uncertainty i n  the  r a d i a l  per turba t ion ,  6p, are 
calculated using Equations 18 and 19. The s e s u l t s  are 
. 
I d e n t i f i e s  l i s t i n g  i n  reference sec t ion .  
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ar 4 - ;= -8.85 x 10 , a (6P) 
aa -1 
-= -1.52 x 10 a (&PI . 
These sensit ivit ies can b e  s t a t e d  i n  appropriate  u n i t s  as 
= - 0.80 degrees/meter ar a (6P)g 
aa i = - 0.005 arc seconds/meter , a (6P) 
. where t h e  star superscr ip ts  ind ica te  t h a t  t he  q u a n t i t i e s  are no longer 
dimensionless. 
The s e n s i t i v i t i e s  of a and I' t o  uncertainty i n  the  r a d i a l  perturba- 
t i o n  are not  t he  b e s t  t h a t  can be  achieved using three  synchronous satel- 
l i t e s  i n  the  manner described. 
upon both the  cont ro l lab le  sa te l l i t e  spacing, 2, and the pos i t ion  of t he  
Earth a t  t h e  t i m e  of measurement, 8. 
A l l  of the  s e n s i t i v i t i e s  are dependent 
By s u i t a b l e  a d j u s t ~ e n t s  i n  the 
parameters 8 and Z ,  i t  is  expected t h a t  the  polar  wandering coordinates 
q a n d  
present ly  e x i s t i n g  techniques. 





The r e s u l t s  of the  per turba t ion  ana lys i s  are p a r t i a l l y  summarized 
below. 
Lunar Per turbat ion i n  the  Radial Direction: 
0.5 day term - - - - - - - - - - - 1.24 km. 
long period t e r m  - - - - - - - - - - 3.50 km. - -  
Solar  Radiation Perturbat ion i n  the  North-South Direction: 
da i ly  term - - - - - - - - - 2.34 x rad. 
long period term with da i ly  
o s c i l l a t i o n  - - - - - - - - 2.10 x rad. 
secular  t e r m  a f t e r  1 year  - - - - - 2.63  x rad. 
Oblateness Per turbat ions : 
Depend on i n i t i a l  displacement from equilibrium. 
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The increas ing  requirements f o r  prec is ion  in o r b i t  determination 
of geodet ic  satellites haveled t o  an i n t e r e s t  i n  examining the  p o t e n t i a l  : 
of u t i l i z i n g  synchronous satell i tes i n  a t racking network. 
chronous satel l i te  o f f e r s  the  advantage of no t  having t o  propagate s igna l s  
through the  atmosphere. 
The syn- 
By using laser ranging techniques from a syn- 
chronous. sa te l l i t e  (satellites) i t  may be poss ib le  t o  obtain very p rec i se  
o r b i t  de  terminations. 
Sys t e m  
The system being examined cons is t s  of a synchronous satel l i te  equipped 
with a laser ranging device. The satell i te makes range measurements t o  a 
subsynchronous satel l i te  a t  d i s c r e t e  points .  
used t o  obtain a b e s t  estimate f o r  t he  current  o r b i t  parameters. 
These range measurements are 
Problems being Examined 
T ,A'. The type of laser system. E f f o r t s  are being made t o  determine .' 
the  b e s t  state of the  a r t  laser system i n  terms of accuracy, weight,  
cos t ,  etc. 
2. The number of measurements. It is  des i red  t o  determine the  
least number of measurements required i n  order t o  obtain a s a t i s f a c t o r y  
estimate of the  o r b i t  paraae ters .  
3. Sequent ia l  es t imat ion and search. I f  t he  frequencies used are 
not  near  t he  o p t i c a l  rangeithe antenna s i z e  increases  s ign i f i can t ly .  
Therefore it is b e s t  t o  operate  with a very d i r e c t i o n a l e y p e  system. This 
requi res  t h a t  the  laser ranging system be ab le  t o  acquire  the  satell i te 
being tracked. 
is meant a sequent ia l  procedure f o r  l o c a t i n g  one o r  more objec ts  i n  one 
This may involve a sequent ia l  search technique, by which 
.; 
o r  more cells, a cell  being a subregion of a search domain. Information 
w i l l  be  acquired by means of a sensor system, and "sequential" implies 
t h a t  t h e  r e s u l t s  of pas t  and present  sensor  outputs  (observations) guide 
the  search s t r a t e g y  i n  the  fu ture .  
bptimal s equen t i a l  search s t r a t egy ,  where by optimal we mean t h a t  t he  
W e  are i n t e r e s t e d  i n  determining the  
- - 
I .. objec t ive  is achieved i n  minimum t i m e  o r  minimum cos t  o r  a combination 
of t he  two. Extensions w i l l  include the  case where the  sensors are noisy 
and where the  objec ts  have a degree of maneuverability. 
4. Tracking. 
it w i l l  be  necessary to  t rack  the  satel l i te  s o  t h a t  range measurements 
may be made. 
Once a satel l i te  i s  located by the  search technique 
The type of cont ro l  system t o  b e s t  accomplish the  t racking 
aspect is being examined. .. 
.,-- .' 
COVERAGE 
(DATA RELAY SATELLITE) 
The problem considered here in  dea ls  with the  continuous coverage of 
every poin t  i n  a spec i f i ed  area on the  sur face  of some c e l e s t i a l  body by 
a system of a r t i f i c i a l  satellites. I n  p a r t i c u l a r ,  i t  i s  desired t o  deter-  
mine the  minimum number of satellites, and t h e i r  o r b i t s ,  necessary t o  form 
a system t o  ca r ry  out  t he  above objec t ive .  
It is inrmediarely seen t h a t  one satell i te i n  synchronous o r b i t  w i l l  
-4 f u l f i l l  a l l  the  requirements. 
with a satel l i te  at  synchronous a l t i t u d e .  
There a r e ,  however , d i f f i c u l t i e s  involved 
Two examples of these d i f f i c u l t i e s  
are: reso lu t ion ,  i f  there i s  an on-board camera, and power requirements for 
communication with ground s t a t i o n s .  These d i f f i c u l t i e s  may not  be c r i t i c a l  
o r  insurmountable, b u t  they do lend motivation t o  the  cons t ra in ts  t h a t  w i l l  
p resent ly  be placed on t h e  so lu t ion  t o  t h e  coverage problem. 
A t  t he  ou t se t ,  i t  w i l l  be attempted t o  develop a system cons is t ing  of 
the  minimum number of sp in-s tab i l ized  satellites i n  subsynchronous (-5000 mi) 
orbitscwhich will maintain constant coverage of some por t ion  of t h e  e a r t h ' s  
- # 
surface.  Af t e r  t h i s  is accomplished, t h e  so lu t ion  parameters w i l l  be generalized 
i n  such a way as t o  m a k e  t h e  so lu t ion  appl icable  t o  a Mars mission, o r  any similar 
celestial body. 
For purposes of preliminary study, one satel l i te  i n  an a r b i t r a r y  c i r c u l a r  
o r b i t  w i l l  be considered. The e a r t h  w i l l  be.:t.aken t o  be a sphere. It is  hoped 
t h a t  by determining the satel l i te  antenna t r a c e  on the  e a r t h ' s  sur face ,  one may 
c be.enabled t o  develop a computer program t h a t  would "put together'' the  t r aces  
L: of all the  satell i tes and determine the  number of satell5tes, and t h e i r  
o r b i t s ,  required t o  y i e ld  a composite trace t h a t  covers a l l  of t h e  spec i f ied  
area at  all times. 
t o t a l  coverage. 
Figure 1 below dep ic t s  t h e  "addition of traces" 'to give 
I _ -  
Fig. 1. Total  Coverage 
In  order  to  be ab le  t o  w r i t e  a computer program, one must f i r s t  a r r i v e  
*-- 
at a mathematical model. In the  case of one sa te l l i t e  i n  a c i r c u l a r  o r b i t  ' 
i t h i s  w a s  done by attempting t o  der ive parametric equations f o r  the  satel l i te  
trace on t h e  earth's surface.  This amounts t o  f ind ing  the  i n t e r s e c t i o n  of 
- t he  satel l i te  "beam" (taken t o  be a cone) and t h e  e a r t h  (taken t o  be a sphere) 
and wri t ing  it i n  parametric form. 
--. , . - . .. - . . . 1 .' . . L . .- -- . . . _I_._ - .- ' . - - ... _.__ ~ - .
Fig. 2. The S i tua t ion  I l l u s t r a t e d .  
As shown i n  Figure 2 ,  there  are several poss ib le  coordinate systems 
to  work with. XI, YI, Z are i n e r t i a l  axes; %, YE, Z are earth-fixed axes; I E 
r c 
and x,,-y, z are vehicle-fixed axes. 
i t  is reasonable t o  suppose t h a t  t he  parametric equations descr ibing t h e  in t e r -  
Since the'ground trace is  being sought, 
sec t ion  of t h e  cone and sphere w i l l ' b e  of t h e  form 
= % (ZE, parameters) 
0 
YE = Y (ZE9 parameters). E and 
To arrive at these equations,  one must solve t h e  sphere equation and ' 
. t he  cone equation simultaneously. Since t h e  ccne has on ly iax ia l  symmetryp 
--maiiiy addi t iona l  terms are introduced i f  i t s  equation is wr t t t en  i n  the  
: earth-fixed system. 
- i n  t h e  vehic le  coordinate system s ince  this involves only t r ans l a t ions  due 
For t h i s  reason, t h e  sphere equation w i l l  be wr i t t en  




y2 + z2 - m2 = o 
(x-R)~ + (y-k)2 + (z-h)2 = r: ; 
Performing the  ind ica ted  operat ions in t he  second equation, and sub- 
t r a c t i n g  the  f i r s t  from the  second y i e l d s ,  a f t e r  rearrangement, an equation 
l i n e a r  i n  y. I f  t h i s  r e s u l t  i s  then applied t o  the  cone equation and the  
quadrat ic  formula i s  invoked, one a r r i v e s  at  z as a funct ion x and parameters 
only. Further ,  i f  t h e  r e s u l t a n t  equation f o r  z i s  subs t i t u t ed  i n t o  the  equa- 
_ _  
tion l i n e a r  i n  y,  one obta ins  y as a funct ion of x and parameters only. 
These equations are given below: 
1 
k2 l2 - 4a - [ h h2 - (bx2 - 2Rx - c)  f {i-4 ( k2 z =  
2a 
L 
h2 b = (1 + K), c = ( re  2 - rc )  2 where a =  (1+k2/,  
- D 
- ,d- 
* ’  ( ) = (bX2 - 2fix - c), 
C2 1 = ($)2 x2  - Rbx3 + %(fi2bc - 2k2K) x2  + Rcx + - 4 ’  
and k # 0 
It remains only t o  transform these  equations t o  the  e a r t h  f ixed  co- 
ordinates .  Since t h e  satellite is sp in  s t ab l i zed  and x is  chosen p a r a l l e l  A 
: t o  $, i t  remains always parallel. 
I. about the  cone ax i s  one may consider y I I Y and z I I ZI a t  a l l  times. 
- 
I f  t he  c r a f t  i s  chosen a x i a l l y  symmetric 
Thus, I 
th ree  simple t r a n s l a t i o n s  transform the  above equations to t he  i n e r t i a l  TL 
system. 
system, which is the  des i red  r e s u l t .  This l a s t  ro t a t ion ,  however, breaks 
down t he  parametric form of t h e  equations. It is  thought, therefore ,  t h a t  
it may be s u f f i c i e n t  t o  obta in  t h e  trace i n  the  i n e r t i a l  system, and then 
A r o t a t i o n  through OE transforms the  equations t o  the  earth-fixed 
"slide" t h e  trace over on t h e  ea r th ' s  sur face  by using po la r  coordinates.  
All of the  above material has been t e s t ed  f o r  t h e  spec ia l  case of t he  
cone's axis coincident with an e a r t h  rad ius .  The trace w a s  found t o  be 
a circle, as i t  should be. 
- ~- 
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